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Abstract: The dynamics of nano-lasers has been analysed using rate equations which include the Purcell cavity-enhanced 
spontaneous emission factor F and the spontaneous emission coupling factor β. It is shown that when subject to optical 
injection and phase conjugate feedback nano-lasers may exhibit remarkably stable small-amplitude oscillations with 
frequencies of order 300 GHz. Critically it is established that such oscillations persist when the effects of noise are taken into 
account. The appearance of such high-frequency oscillations is associated with the effective reduction of the carrier lifetime 
for larger values of the Purcell factor, F, and spontaneous coupling factor, β. The effects of the feedback distance and bias 
currents are also considered. As the optical injection strength increases for fixed phase conjugate feedback and relatively 
short feedback distances, the nano-laser displays periodic dynamics and then enters stable locking. As the feedback distance 
increases the quasi-periodic dynamics dominates. Increased bias current can also induce quasi-periodic behaviour albeit this 
may be ameliorated by reducing the strength of the phase conjugate feedback. 
 
1. Introduction 
The dynamical properties of semiconductor laser 
subject to external perturbations has been a topic of interest 
for many decades. Such external perturbations may include 
optical injection as well as regular and phase conjugate 
feedback. The prospect of developing nano-lasers with 
distinctive physical properties has stimulated several analyses 
of their dynamical behaviour. It is important to appreciate that 
fabrication of nano-lasers presents a formidable technical 
challenge. Despite effort over a decade or so [see e.g. 1-12] 
relatively few examples of such devices being reported. 
Those efforts have been accompanied by pioneering work on 
a theoretical description of nano-laser dynamics [13]. 
However, as far as the present authors are aware, no 
experimental results on the dynamics of particular nano-laser 
designs have been published. In that context it is appropriate 
to undertake theoretical explorations of nano-laser dynamical 
behaviour using a generic model for nano-lasers. Particular 
attention is given to the effects on nano-lasers of Purcell-
enhanced spontaneous emission and/or relatively large values 
of the spontaneous emission coupling factor Work by Gu. et 
al. [14] and Gerard et al. [15] has included detailed 
calculation of the spontaneous emission rate in nano-lasers. 
This work has shown that there is an interdependence 
between the spontaneous emission coupling factor and the 
Purcell enhancement factor. However, the precise 
relationship between these two factors is dependent upon the 
specific nano-laser structure under consideration and thus are 
not suitable for generic modelling on nano-laser dynamics as 
being undertaken here. Thus, whilst being cognisant of [14] 
and [15], in the present work the Purcell factor and the 
spontaneous emission factor are taken to be independent 
parameters. In this way it is possible to identify the trends in 
device performance consequent to changes in these two 
parameters. It is fully recognised, however, that in a practical 
context there will be constraints on the accessible values of 
these parameters and thus not all combinations of values of 
these parameters treated here will necessarily be available. 
Using such an approach exploration has been 
undertaken of a number of aspects of nano-laser dynamics [6-
21] including the impact of optical injection [19] , 
conventional [17 ]and phase conjugate [18] optical feedback. 
A salient feature of that analysis is that nano-laser appear to 
hold the prospect of being relatively robust to external 
perturbations. Recent work has also investigated the control 
of instabilities in nano-lasers [22]. 
Optical injection is well-known as a means for 
enhancing the modulation bandwidth of semiconductor lasers 
[23] and in modulation bandwidth enhancement in mutually-
coupled monolithically integrated laser diodes has been 
reported [24]. 
Attention has been given to the dynamical behaviour of 
mutually-coupled nano-lasers [20, 21] including an 
exploration of effects of modulation in mutually coupled 
nano-lasers [21]. Those studies identified regimes of 
operation where the coupled nano-lasers may be individually 
modulated without affecting each other – so-called zero-
cross-talk regimes. The existence of such regimes reinforces 
the view that nano-lasers operation is often immune to 
external perturbations.  
In the present work the behaviour of nano-lasers when 
subject to both optical injection and phase conjugate 
feedback. In addition attention is given to the effects of 
feedback distancenoise on the predicted dynamical 
behaviour. The application of phase conjugate feedback to 
conventional semiconductor lasers has been widely studied 
both theoretically and experimentally [25-40] but, to date, 
only one study has been made of phase conjugate effects on 
nano-lasers [18].  The combination of phase conjugate 
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feedback and optical injection offers opportunities for the 
novel dynamical responses discussed in the present work. 
 
2. Nano-laser dynamics 
A schematic diagram of nano-laser under optical 
injection and optical feedback is shown in Fig. 1. This system 
is modelled using modified forms of rate equations which 
incorporate the Purcell enhanced spontaneous emission factor, 
F and spontaneous emission coupling factor, β have been 
included as introduced in [8]. 
 
 
Fig. 1. Schematic diagram semiconductor nano-lasers with 
optical injection and external phase conjugate mirror 
feedback. 
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 It is underlined that the Purcell factor and the 
spontaneous emission coupling factor impact the spontaneous 
emission rate as shown in Eqs. (1)- (4) below, wherein Eqs. 
(1) and (2) are for the driving laser (laser I), and Eqs. (3) and 
(4) are for the response laser (laser II) which is concerned in 
this paper. Specifically it is pointed out that for Purcell factors 
greater than unity an effective reduction in the carrier lifetime 
will result. Similarly an increase of the spontaneous emission 
coupling factor towards unity also causes an effective 
reduction of the carrier lifetime. Such a reduction is seen to 
be pertinent to the emergence of high-frequency oscillations 
discussed in the present paper. In contrast, the phase Eq. (5) 
is dependent on the laser gain and hence is not affected by the 
enhanced spontaneous emission. 
 In the rate equations the subscripts ‘I’ and ‘II’ 
represent laser I and laser II respectively. 𝑆(𝑡) is the photon 
density and 𝑁(𝑡) is the carrier density, ∅(𝑡) is the phase of 
laser,Θ (𝑡) is the phase of laser II, where ‘inj’and ‘ext’ 
represent injection and external feedback. Γ  is the 
confinement factor; 𝜏𝑛 and 𝜏𝑝are the radiative carrier lifetime 
and photon lifetime respectively. 𝐺𝑛  is the differential gain 
that takes into account the effect of group velocity, 𝑁𝑜 is the 
transparency carrier density, 𝜖  is the gain saturation factor 
and 𝛼 is the linewidth enhancement factor. 𝐼 = 𝑗𝐼th  is the dc 
bias current, where j is the normalized injection current ; 𝐼th 
is the threshold current ( 𝐼th=(F𝛽+(1- 𝛽)) 𝑁𝑡ℎeVa /𝜏𝑛),   𝑉𝑎 is 
the volume of the active region, 𝑒 is the electron charge and 
𝑁𝑡ℎ (𝑁𝑡ℎ=𝑁𝑜+1/Γ𝑔𝑛𝜏𝑝) is the threshold carrier density. Δf=fI-
fII is the frequency detuning between laser I, fI, and laser II, 
fII.τ ext=2Dext/c is the feedback delay, where Dext is the 
distance of the external-cavity.τin=2nL/c is the round-trip 
time in of the laser cavity, where L is the cavity length and n 
is group refractive index. The optical injection into the laser 







                                 (8) 
Where, Rinj is the rate of the injected electric field power, R is 
the reflectivity of the laser. 
 
Table 1 Nano-laser device parameters 
Wavelength λ 1591 nm [12] 
Cavity length L 1.39 μs [12] 
Volume of active region Va 3.96×10-19m3 [12] 
Group refractive index n 3.4 [12] 
Round-trip time in inner 
cavity 
τin 0.032 μs [12] 
Photon lifetime τp 0.36 ps [12] 
Carrier lifetime τn 1 ns [41] 
Differential gain Gn 1.65×10-12m-3/s [12] 
Mode confinement factor Г 0.645 [12] 
Line-width enhancement 
factor 
α 5 [42] 
Transparency carrier 
density 
N0 1.1×1024m-3 [41] 
Laser facet power 
reflectivity 
R 0.85(estimated)  
Injection power ratio Rinj 0-1  
External power reflectivity Rext 0-0.01  
Normalized injection 
current 
j 2-4  
Feedback delay/distance τext / Dext 0.03ns/0.005m  
Cavity Purcell factor F 10  
Spontaneous emission 
coupling 




The external-cavity feedback strength into laser II is 
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Where, Rext is the feedback power ratio including coupling 
losses. The dynamics of the nanolasers is analysed using the 
device parameters given in Table I. 
Attention is drawn to the fact that an increase of 
spontaneous emission via the Purcell factor, F or the 
spontaneous emission coupling factor β may lead to a change 
in the laser threshold current [21]. This has been taken into 
account in the present analysis. 
3. Results  
The aim of this paper is to explore the dynamical 
behaviour of nano-lasers subject to both  optical injection and 
phase conjugate feedback. 
Firstly, we show the bifurcation diagram for the case 
of optical injection into nano-laser but with a fixed strength 
of phase conjugate feedback – taken to be -25dB. The results 
are shown in Fig.2 where F=10, 𝛽 = 0.1  and the laser is 
biased at twice the threshold current. The parameters of the 
master laser and response laser are assumed to be identical. 
In this case, the injection photon density is fixed at 2.64×
1021m-3, that is the output of the master nano-laser at 2Ith. 
Fig.2 shows that the nano-laser initially exhibits an 
oscillatory behaviour (period-1, i.e. corresponding to two 
points) and then undergoes period-doubling (period-2 i.e. 
corresponding to two points) before returning to period-1 
again, then enter a regime of stable locking (i.e. 




Fig.2. Bifurcation diagram of response laser vs. optical 
injection with -25dB phase conjugate feedback for F=10, 
β=0.1, Idc=2Ith, D=0.5cm. 
 
The corresponding dynamics of the nanolaser is 
shown in Figs. 3(a) to 3(d) as the injection couplings are fixed 
at -60dB, -40dB, -20dB and -12dB respectively. The 
amplitude of period-1 oscillations (Fig.3(a)) and period-2 
oscillations (Fig. 3(b)) are shown to be basically the same –
as may be deduced from Fig. 2. For the initial period-1 
behaviour, FFT of photon density time series is shown in Fig. 
3(e), the oscillation frequency is of order 600 GHz. The 
appearance of such high-frequency oscillations being 
associated with the effective reduction of the carrier lifetime 
for larger values of the Purcell factor, F, and spontaneous 
coupling factor, β.   
When, with increasing optical injection, the laser 
returns to   period-1 behaviour (Fig. 3(c)), the oscillation 
amplitude is significantly increased ( as expected from Figure 
2) , however the oscillation frequency (Fig. 3(f)) is about  half 
that in the Fig.3(a) case. As the optical injection strength 
increases further, the nano-laser enters into the stable locking 




Fig. 3. Time series of photon density of response nano-laser 
at Rext=-25 dB: (a) period-1 at Rinj=-60 dB; (b) period-2 at 
Rinj=-40 dB; (c) period-1 at Rinj=-16 dB; (d) stable locking at 
Rinj=-12 dB. The corresponding oscillation frequency for (a)-
(c) are shown in (d)-(f), respectively. 
 
To portray more clearly the impact of the distance to 
the phase conjugate mirror, calculations have been performed 
of the various dynamical regions which appear as the as 
distance changes. The results are shown in Fig. 6. It is seen 
that as the distance increases the quasi-periodic region 
replaces the period-1 oscillations found at shorter distances – 
and shown with black squares. In addition, the period-2 
region significantly shrinks. With increase of the feedback 
distance to a relatively large value of 1cm, the response nano-
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laser undergoes quasi-periodic to period-1 and then enters 
stable locking. Further increase of the feedback distance 
results in the period-1 region being further decreased. 
 
 
Fig.6. Dynamical regions of response laser vs. feedback 
distance. The black squares, the red circles, the green triple 
denote the threshold of period-2, period-1, and the stable 
locking. The interval regions are the initial period-1, period-
2, period-1 from down to up. The blue diamond and its below 
present quasi-periodic region. The interval between blue 
diamond and red circles is the period-2 region, the interval 
between blue diamond and green triple is the period-1 region. 
 
Figure 7 shows that if the laser  bias currents are  
increased to 4Ith, (with  the input photon density increasing  to 
5.8× 1021m-3) the response laser become unstable. Here 
quasi-periodic behaviour appears instead of the stable period-
1 and period-2 oscillations found at the lower bias currents. 
The laser proceeds from the quasi-periodic regime to the 
stable-locking state. This shows that in order to obtain a stable 
periodic output state or stable locking, the bias current should 
not be too large. 
 
 
Fig.7. Bifurcation diagram of response laser vs. optical 
injection with -25dB phase conjugate feedback at F=10, 
β=0.1, Idc=4Ith, D=0.5cm. 
 
Alternatively, stable periodic outputs can be obtained 
for weaker phase conjugate feedback. Relevant results are 
shown in Fig. 8, where the phase conjugate feedback strength 
is decreased to -30 dB. In this case, stable periodic 
oscillations are recovered and the laser transitions from 




Fig.8. Bifurcation diagram of response laser vs. optical 
injection with -30dB phase conjugate feedback at F=10, 
β=0.1, Idc=4Ith, D=0.5cm. 
 
4. Conclusions 
Theoretical analysis undertaken in this work shows 
that both driving current and feedback distance in optical 
injection nano-laser with phase conjugate feedback can 
significantly affect the dynamics of the response nano-laser. 
Apart from the phase conjugate feedback strength, increasing 
the bias current and feedback distance can induce instabilities 
in the form of quasi-periodic oscillation. For relatively short 
feedback distance, a high oscillation frequency in order 
300GHz is observed. The observed behaviour offers 
interesting opportunities for generating stable high-frequency 
oscillations using nano-lasers with optical injection and phase 
conjugate feedback including, for example, for use as clock 
pulses in photonic integrated circuits. 
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